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Abstract
Questions, partial and complete answers about the diophantine equation∑ki=11/xi = 1 in distinct
positive integers are given when additional requirements are asked on the xi ’s such as: being large,
odd, even or xi xj for i = j . Various combinations of the above conditions are also considered.
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1. Introduction
The diophantine equation in positive integers
1
x1
+ 1
x2
+ · · · + 1
xk
= 1 x1<x2< · · ·<xk (1.1)
has often been mentioned in literature (see [8, pp. 87–90]).
Various questions concerning (1.1) have been asked. Among them:
Question 1. Does (1.1) have a solution for each value x1?
The afﬁrmative answer to this question is known [4].
Question 2. Does (1.1) have a solution with odd integers x1, x2, . . . , xk?
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The afﬁrmative answer can be seen from an example of Sierpin´ski [9, p. 31] leading to
1= 13 + 15 + 17 + 19 + 115 + 121 + 127 + 135 + 145 + 1105 + 1945 . (1.2)
In this example, all eleven values xi are of the form 357. Burshtein [2, Example 1]
exhibited the following example of the same nature, but with a smaller largest denominator:
1= 13 + 15 + 17 + 19 + 115 + 121 + 127 + 135 + 163 + 1105 + 1135 . (1.3)
Furthermore, it is shown among others in [3]: (i) when the values xi are of the form 357
as above, then at least eleven values xi are needed, and 135 is the smallest possible largest
denominator; (ii) whenever the values xi are odd, the smallest possible value for k is 9 and
with that k the smallest x9 is 231.
The following question [2, Question 6] was independently raised by Burshtein [1] and
Graham [7].
Question 3. Does (1.1) have a solution with integers x1, x2, . . . , xk which satisfy xi xj for
i = j?
The afﬁrmative answer to Question 3 was provided by the author in [2, Example 2], for
which he received a reward of $10 offered by Erdös [1].
We mention here that analogous questions have been asked earlier by Erdös [5,6] on the
moduli of covering systems.
2. The purpose of this note
2.1.
First, we shall ask new questions by combining the conditions of the above questions
taking two and three at a time. This is justiﬁed by the known afﬁrmative answers to
Questions 1–3. Thus,
Question 4. Does (1.1) have a solution with odd integers x1, x2, . . . , xk for each odd value
x13?
Question 5. Does (1.1) have a solution with integers x1, x2, . . . , xk for large x1, which also
satisfy xi xj for i = j?
Question 6. Does (1.1) have a solution with odd integers x1, x2, . . . , xk which also satisfy
xi xj for i = j?
Question 7. Does (1.1) have a solution with odd integers x1, x2, . . . , xk for large x1, which
also satisfy xi xj for i = j?
The set of even numbers
S = {2, 4, 6, 12} (2.1)
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has a sum of its reciprocals equal to 1. Hence, we may ask two questions similar to
Questions 4 and 6. Thus,
Question 8. Does (1.1) have a solution with even integers x1, x2, . . . , xk for each value
x12?
Question 9. Does (1.1) have a solution with even integers x1, x2, . . . , xk which also satisfy
xi xj for i = j?
2.2.
Secondly, we refer to Questions 4 and 8.
Concerning Question 4. In the solutions (1.2) and (1.3) of Eq. (1.1) the value of x1 is 3.
A ﬁrst step in ﬁnding solutions with x1> 3 is made by constructing solutions with x1 = 5.
This is done in the following two examples:
Example 1. For the set
{5, 7, 9, 11, 13, 15, 21, 23, 31, 33, 35, 39, 55, 63, 69, 77, 93, 105, 115, 117, 217}
∑21
i=11/xi = 1, x1 = 5, k = 21, and the 21 integers are divisors of
32 · 5 · 7 · 11 · 13 · 23 · 31.
Example 2. For the set
{5, 7, 9, 11, 13, 15, 21, 23, 33, 35, 39, 45, 55, 65, 69, 77, 91, 99,
105, 115, 117, 385, 455}
∑23
i=11/xi = 1, x1 = 5, k = 23, and the 23 integers are divisors of 32 · 5 · 7 · 11 · 13 · 23.
Concerning Question 8. The trivial solution (2.1) is with x1 = 2.
A solution with x1 = 4 and k = 14 is given in the following example:
Example 3.
S = {4, 6, 8, 10, 12, 16, 20, 24, 30, 40, 48, 50, 60, 200}.
Here the least common multiple of the xi’s, L(S), is 24 · 3 · 52. It turns out that with x1
and L(S) as above, k14 and x14200. Thus the minima are attained in the example.
2.3.
Finally, we shall improve the example exhibited in [2], in which a set S = {x1, . . . , xk}
was given satisfying
∑k
i=11/xi = 1 with the property xi xj for i = j . For that set x1 = 6,
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k= 79, x79= 32197, and in the decomposition of L(S) occur 25 distinct primes, the largest
of them being 2927. A new such example is given having smaller parameters, namely k=68,
x68 = 4873, and only 23 distinct primes occur in L(S), the largest being 443. This is done
in the following section.
3. The improved example
Consider
Example 4. The 68 distinct numbers
6 10 14 15 21 35
22 33 55
26 39 65 91
34 51 119 187
38 57 95 133
46 69 161 299
58 145 319
62 93 155
82 123 287
118 295 413
122 183 671
213 355 497
202 505 1313
309 515 1133
226 791 1243
393 917 1441
453 1057 1963
1329 2215 3101 4873
267 356 979
596 1043 1639
have the following two properties:
(i) the sum of their reciprocals is equal to 1,
(ii) no one divides any other.
Proof. (i) The example is arranged in twenty rows. We compute∑68i=11/xi = 1 without
using a computer as follows:
The least common multiple, in short L of the ﬁrst two rows is clearly L= 2 · 3 · 5 · 7 · 11.
These rows consist of members, each of which is a multiple of two prime factors of L.
The structure of each of the remaining eighteen rows is as follows. The members of each
row are of the form Ap where p13 is a prime and all eighteen primes are distinct. The
values A in rows 6, 13 and 17 consist of one prime factor of 13L. In the last two rows A
consists of one prime factor of 2L, and in the rest of the rows of one prime factor of L.
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Computing the sum of the reciprocals of the members in any of the last eighteen rows,
we obtain a fraction whose denominator is clearly a multiple of p, and it comes out that the
numerator must also be a multiple of p. Thus one can simplify by p, and the denominator
becomes a divisor of 2 · 13L.
The sum of the 20 partial sums can indeed be obtained without the aid of a computer,
and adds up to 1. 
(ii) Sixty-six out of the 68 numbers in the example are of the form pq, where p, q are
distinct primes. Therefore, no one divides any other. 
It is easily seen that the two exceptions 356 = 4 · 89 and 596 = 4 · 149 which occur in
the last two rows also satisfy the required condition.
Remark. In [3] already cited in Section 1, a lemma is proved saying that if {x1, x2, . . . , xk}
is a solution of (1.1) and some xi=mpwhere p is a prime, then there is a j such that xj=np,
n = m.
As a corollary, one can state that no member xt in (1.1) can be a power of a prime if xi xj
for i = j , therefore, the smallest possible x1 is 6.
Concluding Remark. It seems that the answer to Questions 4 and 8 is positive, whereas
the answer to Questions 6 and 9 is negative.
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